A spanning 2-forest separating vertices u and v of an undirected connected graph is a spanning forest with 2 components such that u and v are in distinct components. Aside from their combinatorial significance, spanning 2-forests have an important application to the calculation of resistance distance or effective resistance. The resistance distance between vertices u and v in a graph representing an electrical circuit with unit resistance on each edge is the number of spanning 2-forests separating u and v divided by the number of spanning trees in the graph. It is well-known that the number of these spanning 2-forests *
separating u and v in a graph is equal to the determinant of the matrix obtained from the combinatorial Laplacian matrix of the graph by deleting the rows and columns corresponding to u and v. For most interesting graphs, neither of these quantities can be easily found. For any connected graph G with a 2-separator and its associated decomposition which separates u and v, we show that the number of spanning trees and spanning 2-forests separating u and v can be expressed in terms of the number of spanning trees and 2-forests in the smaller graphs in the decomposition, which makes computation significantly more tractable. An important special case is the preservation of the number of spanning 2-forests if u and v are on the "same side" of the decomposition. We apply these results to derive an exact formula for the number of spanning 2-forests separating u and v for any linear 2-tree with a single bend. We focus in particular on the case in which u and v are the end (degree 2) vertices of the linear 2-tree, interpret these as resistance distances, and analyze these values with respect to the location of the bend.
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Introduction
Resistance distance in graphs has played a prominent role not only in circuit theory and chemistry [1, 5, 8, 9, 14] , but also in combinatorial matrix theory [3, 16] and spectral graph theory [1, 5, 7, 13] . Many of the methods for calculating resistance distance, e.g., those making use of the combinatorial Laplacian, have proven to be intractable for many families of graphs when the number of vertices becomes large. An under-utilized method of calculating the resistance distance between two vertices u and v in a graph G is by determining the number of spanning 2-forests separating u and v in G and the number of spanning trees of G (see Definitions 1, 2 and Theorem 3). Thus, calculating the number of spanning 2-forests and resistance distance are equivalent problems. This work presents new reduction formulas for determining these quantities for 2-connected graphs. We apply these results to a new family of linear 2-trees generalizing the work of [4] . We begin with the following formal definitions. Definition 1. Let G be an undirected graph in which multiple edges are allowed but loops are not. Let V (G) denote the vertex set of G and unless otherwise specified V (G) = {1, 2, . . . , n}. Finally, let T (G) denote the number of spanning trees of G. Definition 2. Given any two vertices u and v of G, a spanning 2-forest separating u and v is a spanning forest with two components such that u and v are in distinct the electronic journal of combinatorics 25 (2018), #P00
components. The number of such forests is denoted by F G (u, v). In addition, we occasionally consider spanning 2-forests separating a vertex u from a pair of vertices v and w. We denote the number of these by F G (u, {v, w}).
It follows from the matrix tree theorem [6, p. 5] that for any j ∈ {1, 2, . . . , n}, T (G) = det L G (j) where L G is the combinatorial Laplacian matrix of G, and L G (j) is the matrix obtained from L G by deleting the jth row and column. The following identity [1, Th. 4 ] is a relative of the matrix tree theorem:
where L G (u, v) is the matrix obtained from L G by deleting rows u, v and columns u, v. For large graphs of moderate complexity, neither of these quantities can be found directly.
If G has a cut-vertex w and G = G 1 ∪ G 2 with G 1 and G 2 connected and
It is natural to ask if reduction formulae such as these can be found for graphs with no cut vertex, and the answer is in the affirmative if the graph has a cut-set of size 2. For any graph G with a 2-separator {i, j} and associated decomposition G = G 1 ∪ G 2 , one can express T (G) in terms of T (G k ) and F G k (i, j), k = 1, 2, and, furthermore, for any pair of vertices u, v ∈ V (G) one can express , y) , and F G/ij (x, ij) for k ∈ {1, 2}, x ∈ {u, v} and y ∈ {i, j}. Here G/ij denotes the graph obtained by identifying vertices i and j (see Definition 8) . This is one of the main results of the next section. This reduction is particularly effective if the sizes of G 1 and G 2 are comparable, and especially if there are multiple 2-separators.
As previously mentioned we also consider the important and closely related concept of resistance distance or effective resistance. Consider G as an electric circuit with unit resistance on each edge, and suppose one unit of current flows into vertex i and one unit of current flows out of vertex j. Then the resistance distance r G (u, v) between vertices u and v is the "effective" resistance between u and v. Alternatively, one can give a mathematical formulation
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where † denotes the Moore-Penrose inverse. The following theorem [1, Th. 4 and (5)] gives the relationship between the resistance distance between u and v and the number of spanning 2-forests separating u and v.
Theorem 3. Let G be a graph, then the resistance distance between vertices u and v is given by
Dividing (2) by T (G 1 )T (G 2 ) and applying Theorem 3 we obtain r G (u, v) = r G 1 (u, v), a much shorter proof than the one given of the same result, Theorem 2.5 (Cut Vertex Theorem) in [4] . Dividing (3) by T (G 1 )T (G 2 ) we see that if w is a cut vertex of G and u and v lie in distinct components of G − w, then
Aside from (4), there seem to be few applications of Theorem 3 to the calculation of resistance distance. One significant example is the proof of the second statement of Theorem 7 in [2] . Our reduction formula opens the possibility of a tractable way for calculating resistance distances in many additional graphs. We illustrate this for the family of linear 2-trees with a single bend in Section 3. (See Figure 4) Definition 4. A linear 2-tree (or 2-path) on n vertices is a graph G satisfying the following 4 properties.
• G has 2n − 3 edges.
• K 4 is not a subgraph of G.
• G is chordal (every induced cycle is a triangle).
• G has two degree two vertices.
Alternatively, a linear 2-tree is a graph G that is constructed inductively by starting with a triangle and connecting each new vertex to the vertices of an existing edge that includes a vertex of degree 2.
Definition 5 (straight linear 2-tree). A straight linear 2-tree is a graph G n with n vertices with adjacency matrix that is symmetric, banded, with the first and second subdiagonals equal to one, the first and second superdiagonals equal to one, and all other entries equal to zero. See Figure 1 . In [4] the authors obtained an explicit formula for the resistance distance between any two vertices in a straight linear 2-tree on n vertices, and verified that the number of spanning trees of a straight linear 2-tree is F 2n−2 , where F k is the kth Fibonacci number. Consequently, the number of spanning 2-forests separating two vertices can be found immediately from Theorem 1.3.
A linear 2-tree with a single bend can be obtained from two straight linear 2-trees. This fact and Theorem 14 are applied in Section 3 to obtain an explicit formula for all resistance distances (all separating 2-forests) in the family of linear 2-trees with a single bend. If u and v are the end vertices of this "bent" linear 2-tree on n vertices, the number of spanning 2-forests separating u and v is less than the the number in the straight linear 2-tree by the product of four Fibonacci numbers.
After proving some preliminary identities in Section 4, we examine the resistance distances between end vertices in terms of the location of the bend and show it is minimized when the bend is as close to one end as possible.
2-Separations
Definition 6. A 2-separation of a graph G is a pair of subgraphs G 1 , G 2 such that
, and
The pair of vertices,
Throughout this section, we will let G denote a graph with a 2-separation, G 1 , G 2 will denote the two graphs of the separation, and we will let {i, j} = V (G 1 ) ∩ V (G 2 ). Note that the graph resulting from the deletion of vertices i and j from G is a disconnected graph.
the electronic journal of combinatorics 25 (2018), #P00 Theorem 7. Let G be a graph with a 2-separation as above. Then
Proof. If T is a spanning tree of G, then since {i, j} separates G 1 and G 2 , the unique path in T connecting i to j must lie either entirely in G 1 or entirely in G 2 . Then the restriction of T to the other side is a spanning 2-forest of that side separating i and j. By the multiplication principle, the result follows.
Before stating the first analogous result for 2-forests, we need the following definition.
Definition 8. If i, j are vertices of G, then G/ij is the graph obtained from G by identifying vertices i and j into a vertex we denote by ij. In the identification, any edge {u, i} or {u, j} with u = i, j is replaced by an edge {u, ij}. (So if i and j have a common neighbor v, then there is a double edge from v to ij in the new graph.) Any edge {u, v} with neither u nor v equal to i or j remains. If {i, j} is an edge it disappears.
Theorem 9. Let G be as above, and let u, v ∈ V (G 1 ). Then
Proof. Let F be a spanning 2-forest in G that separates u and v.
Case 1: i and j belong to different components of F restricted to G 2 . Then the restriction of F to G 1 has 2 components that separate u and v and the restriction to G 2 has two components that separate i and j. By the multiplication principle, the number of ways to do this is
Case 2: i and j belong to the same component of F restricted to G 2 . Then i and j are in the same component of F and thus in the same component of F as either u or v. Without loss of generality, suppose they are in the same component of F as u.
Since i and j belong to the same component of F restricted to G 2 , and i, j is a 2-separator for G, F restricted to G 2 is a spanning tree of G 2 . Then the path in F from i to j is in G 2 and not in G 1 , so the restriction of F to G 1 has 3 components, separating i, j, and v (and u will be in a component with either i or j). Then identifying i with j, we obtain a spanning 2-forest of G 1 /ij that separates u from v.
Definition 10. If G is a graph with a 2-separator {i, j}, and corresponding 2-separation G 1 , G 2 , then a 2-switch is the operation that identifies the copy of i in G 1 with the copy of j in G 2 and the copy of j in G 1 with the copy of i in G 2 (see Figure  2 ).
We note that we are following the terminology adopted in [15] and remark that the term 2-switch has also been used in a different context with a distinct meaning. 
Proof. The first two equalities follow from Theorems 7 and 9 respectively, since they depend only on the smaller graphs, not how they are joined together. The last follows from the first two and Theorem 3.
Example 12. After performing a 2-switch in the graph on the left in Figure 3 , we obtain the graph on the right. Each edge label denotes the number of 2-forests separating the vertices incident to that edge. Note that these are identical in the subgraph H induced on vertices {3, 4, 5, 6, 7} and (after a relabel) in the subgraph K induced by {1, 2, 3, 4} as guaranteed by Theorem 11. The number of separating spanning 2-forests is also the same for non-adjacent vertices in H and K (though we have not displayed them).
Lemma 13. Let G be a graph, and let x, y, z be any vertices of G. Then
Proof. In any spanning 2-forest that separates x from z, the vertex y must be either in the same component as x or in the same component as z.
Theorem 14. Let G be a graph with a 2-separation, with i, j the two vertices separating the graph, and G 1 , G 2 the two graphs of the separation. Let u ∈ V (G 1 ) and v ∈ V (G 2 ). Then
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Case 1: H 2 is a spanning tree of G 2 . Then H 2 has a single component containing v and i and j, so H 1 cannot contain a path connecting i and j, since then H would have a cycle. Thus H 1 has three components: one containing i, one containing j, and one containing u. Now identify vertices i and j in G 1 , and let H ′ 1 result from identifying i and j in H 1 . Then H ′ 1 is a spanning 2-forest of G 1 /ij separating u from the vertex ij. By the multiplication principle, the number of possible H in this case is thus
Case 2: H 1 is a spanning tree of G 1 . Note that this case is completely disjoint from Case 1, since if both H 1 and H 2 were spanning trees of G 1 and G 2 respectively, then H would not separate u and v. By an argument symmetric to Case 1, the number of spanning 2-forests arising in this case is
The number of spanning 2-forests for Case 3 is given by
Proof. Since H is a spanning 2-forest of G separating u from v, then we have the following possibilities: H separates {u, i} from {v, j}, H separates {u, j} from {v, i}, H separates {u, i, j} from v, or H separates {v, i, j} from u. Now we consider how H restricts to G 1 and G 2 .
In the possibility where {u, i} and {v, j} are separated, H restricted to G 1 is a the electronic journal of combinatorics 25 (2018), #P00
spanning 2-forest of G 1 separating {u, i} and j, while H restricted to G 2 is a spanning 2-forest of G 2 separating {v, j} and i. This yields the first term of the claim. The possibility where {u, j} and {v, i} are separated is symmetric and yields the second term of the claim.
In the remaining possibilities, one of the vertices u or v, is separated from the other three. We consider the possibility where u is separated from {i, j, v} and note that the possibility where v is separated from {i, j, u} is symmetric to it.
Let
The fourth term corresponds to the symmetric possibility of v being separated from {i, j, u} in H.
Applying Lemma 13 to the third and fourth terms in the right-hand side of the formula claimed in the theorem in every applicable instance, taking y to be equal to either i or j as appropriate, we find that
simplifies to the formula of Claim 1. This completes the proof.
Lemma 15. Let G be any graph, and let x, y, z be any vertices of G. Then
Proof. Interchanging the roles of x, y, z in Lemma 13, we get the system
Solving this system yields the desired result.
From Lemma 15 we obtain an alternative form of the formula in Theorem 14. This eliminates counting spanning 2-forests that separate a vertex from a pair of vertices.
Theorem 16. Let G be a graph with a 2-separation, with i, j the two vertices separating the graph, and G 1 , G 2 the two graphs of the separation. Let u ∈ V (G 1 ) and v ∈ V (G 2 ). Then
The following theorem is found in [16, Theorem 4.5] . (To our knowledge no combinatorial proof has been given.)
Theorem 18. Let u, v, i, j be vertices of a graph G. Then
Theorem 19. Let G be a graph with a 2-separation, with i, j the two vertices separating the graph, and G 1 , G 2 the two graphs of the separation. If u, v are in G 1 , then
Proof. Using Theorems 3, 7, and 9, we have the electronic journal of combinatorics 25 (2018), #P00
.
Using Theorem 18, we replace r G 1 /ij (u, v), and arrive at the desired result.
Theorem 20. Let G be a graph with a 2-separation, with i, j the two vertices separating the graph, and G 1 , G 2 the two graphs of the separation. If u is in G 1 and v is in G 2 , then
where Figure 4 : A linear 2-tree with n vertices and single bend at vertex k.
Theorem 21. Let H n be the straight linear 2-tree on n vertices labeled as in Figure 1 , and let m = n − 2 be the number of triangles in H n . Then for any two vertices j and
where F p is the pth Fibonacci number and L k is the kth Lucas number.
In this work we consider a modification of the straight linear 2-tree which we term the bent linear 2-tree whose definition is below.
Definition 22 (bent linear 2-tree). We define the graph G n with V (G n ) = V (H n ) and E(G n ) = (E(H n ) ∪ {k, k + 3}) \ ({k + 1, k + 3}) to be a bent linear 2-tree with bend at vertex k. See Figure 4 .
In essence a bent linear 2 tree differs from a straight linear 2 tree in that vertex k has degree 5, vertex k + 1 has degree 3 and all other vertices have degrees as before.
Applying Theorem 21 and Theorem 11 we obtain:
Theorem 23. Let G n be the bent linear 2-tree on n vertices labeled as in Figure 4 with a bend located at vertex k, and let m = n − 2 be the number of triangles in G n . Then for any two vertices j and j + ℓ of G m , where j < j + ℓ k + 1 or k + 1 < j < j + ℓ n the electronic journal of combinatorics 25 (2018), #P00
where F p is the pth Fibonacci number and L ℓ is the ℓth Lucas number.
Remark 24. The only reason the formula is not also valid for k j < j + ℓ n is that the labels k and k + 1 are reversed form what they would normally be in a straight linear 2-tree.
Theorem 25. Let G n be a bent linear 2-tree with a single bend at vertex k, m triangles and n = m + 2 vertices. If u < k < v then the resistance distance between u and v is given by
where
and
Proof. Let H be the straight linear 2-tree with m triangles and n = m + 2 vertices. We note that both G (as defined in the theorem statement and shown in Figure 4 ) and H are graphs with a 2-separation {k, k + 1}. Moreover G is obtained by performing a 2-switch on the vertices k and k + 1 in H. From Theorem 14 we observe that
where i = k, j = k + 1 and G 1 and G 2 are the two graphs of the 2-separation of G as shown in Figure 5 . 
Similarly we have
where i = k, j = k + 1 and H 1 and H 2 are the two graphs of the 2-separation of H as shown in Figure 6 . We see by definition that 2F
It is also clear that
the electronic journal of combinatorics 25 (2018), #P00 Figure 6 : The two graphs of the 2-separation of H. Here H 1 is on the left and H 2 is on the right. Observe the difference between the location of nodes k and k + 1 in
Hence the number of spanning 2-forests separating u and v in G is given by
Observing that T (G) = T (H), we see that
From Theorems 21 and 3 we see that
Moreover, by symmetry and renumbering the vertices in H 2 (as shown in Figure 7 ) we get the electronic journal of combinatorics 25 (2018), #P00
Finally observing that
and that T (H) = F 2m+2 , yields the desired equality.
Corollary 26. Let G n be a bent linear 2-tree with a single bend at vertex k, m triangles and n = m + 2 vertices. Then
where F p is the pth Fibonacci number and L q is the qth Lucas number.
Remark 27. From [4] , for the straight linear 2-tree H n with m = n − 2 triangles,
The second term in (5) then tells how much the resistance distance is diminished by a bend at k. Alternatively, the number of spanning 2-forests separating 1 and n in a linear 2-tree with a single bend at k is the number of spanning 2-forests separating 1 and n in the straight linear 2-tree with the same number of triangles minus the product of four Fibonacci numbers.
Proof. Using Theorem 25 and setting u = 1 and v = n yields
We now consider the differences C − E and D − B.
Similarly,
Again by Theorem 25 the resistance distance between 1 and n is given by
where A, B, C , D and E are defined as in the beginning of the proof. Hence
Minimizing Effective Resistance Between the End Vertices
The goal of this section is to show that placing the bend at location k = 3 or k = m−1 minimizes the effective resistance between the end vertices in the bent linear 2-tree. Before presenting our main result we first prove two preliminary lemmas.
Lemma 28. For k = 3, 4, . . . , m − 1,
Proof. We exploit the systematic method for verifying identities involving Fibonacci and Lucas numbers from [12] . If k = 3 both sides reduce to −3F m−3 F m . Proceeding by induction, assume (6) holds for k. In order to show that it holds for k + 1 it suffices to prove the identity
Applying the two identities [12] the electronic journal of combinatorics 25 (2018), #P00
we obtain
Substituting all of these into (7) and multiplying by 64 yields
The expression (8) 
The first factor in (9) is 0, which proves (7).
Lemma 29. Given m 6, let g(j) = F m−2j+3 (F m+2 + F j−2 F m−j+1 ) where F p is the pth Fibonacci number. If m is even then
if j = m/2 + 1, and −g(j) > −g(j + 1) for m/2 + 1 < j m − 1.
If m is odd then g(j) > g(j + 1) for all j.
Proof. We derive a useful formula for g(j) − g(j + 1).
Observe that for 3 j m − 1 we have Theorem 30. Given a bent linear 2-tree with n vertices, m = n − 2 triangles and one bend, the location k of the bend that minimizes the effective resistance between the end vertices is k = 3 (and also m − 1 by symmetry). In this case r m,3 (1, n) = m + 1 5
Proof. Due to symmetry we will only consider bends located for 3 k ⌊m/2⌋ + 1. By Lemma 28 the formula for the resistance distance between node 1 and node n in a bent linear 2-tree with n vertices, m = n − 2 triangles, and one bend located at vertex k ∈ {3, 4, . . . , n − 3} is given by
where F p is the pth Fibonacci number and L q is the qth Lucas number. We consider the final term in the sum, that is and observe that the denominator is constant given m. We also observe that the numerator is an alternating sum and the absolute value of each term in the sum is equal to g(k) where g is defined as in Lemma 29. Moreover we observe that the first term in the sum is negative. From Lemma 29 we know that g(j) < g(j + 1) for 3 j ⌊m/2⌋ + 1. Hence r m,3 (1, n) < r m,k (1, n) for integers k such that 4 k ⌊m/2⌋ + 1.
Conclusion
In this paper we have given a non-trivial generalization of well-known and elementary formulae for calculating the number of spanning trees of a graph G and the number of separating 2-forests separating 2 vertices to the case that G contains a cut-vertex, the electronic journal of combinatorics 25 (2018), #P00 namely in the case in which G contains a 2-separator. We have applied these formulae to a family of linear 2-trees with a single bend and determined the resistance distance (or number of spanning 2-forests) between any pair of vertices. We found that the resistance distance between the end vertices is always less then the resistance distance between the end vertices in a straight linear 2-tree with the same number of vertices. However, it is straight forward to check that r Gn (1, n) → ∞ as n → ∞ if G n is any member of the family of linear 2-trees with a single bend. This corroborates our conclusion in [4] that this family does not behave like the random geometric graphs discussed in [11] . It follows from Section 4 that the magnitude of the resistance distance between the end vertices in a linear 2-tree with a single bend exhibits a peculiar saw-tooth behavior with respect to the location of the bend, a feature that is not transparent in the absence of an exact calculation.
Moreover, this is a single illustration of the power of these 2-separation formulae, and we are confident that they can be applied to many other families of graphs in which standard circuit rules (for resistance distance) or combinatorial arguments (to count separating spanning 2-forests) are difficult and tedious to apply. Finding analogous formulae for 3-connected graphs is an interesting but difficult, open question.
